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[EEE TRANSACTIONS ON NEURAL NETWORKS AND LEARNING SYSTEMS

The other blocks are learned from examples. We have used i M. M, ....Mp, respectively. The maps from the product

the architecture first in the generative mode with hand-picked

random parameters to generate N = 100 examples as delta
distributions at X ;. X, and X1. These examples are then used
as backward delta messages at the same terminations. The
variables’ cardinalities in the learning graph are kept at the
same values as in the generative model, We have compared
the performances in terms of aggregated log-likelihood (28)
for Ne = 600 EM learning cycles (epoques). The number
of iterations per epoque Nit for the ML and KL algorithms
have been fixed to 3. Fig. 16 shows the typical results of
a simulation. The log-likelihood (top left) converges quite
quickly, while the coefficients (other plots) take longer (o
reach a stable value. The graphs show the convergence for
both visible and hidden-variable blocks. The prior blocks tend
all to become uniform and are not shown for brevity. It is clear
how the superiority of the ML and KL algorithms also holds
for this architecture with the smoothest convergence for the
coefficients and a better final log-likelihood. The LD algorithm
often produces wide oscillations in the coefficients. We have
run many more simulations to test for generalization and
with mismatched values between the generative model and
the learning graph. The results are very similar and are not
reported here for brevity.

3} Other Architectures: We have performed other simula-
tions on larger architectures with various topologies and vari-
ables’ cardinalities. We have also applied the same algorithms
to the experimental data with hierachical architectures [24]
also using our Simulink library [25]. The results are very
consistent with the behavior shown in the above experiments
and seem to hold for large classes of cycle-free graphs.
We believe that the results of these simulations may provide
a useful guidance to the designers of learning graphs for the
applications.

V1. CONCLUSION

We have discussed the application of four different learning
algorithms o Bayesian discrete-value acyclic directed graphs
in their FGrn form. The advantage of the FGrn is the greal
modularity in building adaptive architectures. Only SISO
and source blocks’ parameters must be learned as they can
all run the same algorithm in a totally distributed fashion.
The updating rules are based solely on the locally available
backward and forward messages.

The superiority of the recursive EM multiplicative updates
of the ML and KL algorithms, derived from local regularized
cost functions, has been demonstrated with simulations on
synthetic data. We believe that the comparisons presented 1n
this paper, that to our knowledge have never been reported in
the literature, may be relevant to the user that wishes to apply
the beliel propagation framework to his applications. Future
papers will report more on the experimental data and deeper
architectures.

e

APPENDIX A
PRODUCT SPACE MAPPINGS
Suppose that we have D discrete variables X, X2,..., Xp,
belonging to the spaces &), Aa, ..., A'p, having cardinalities

space X x A2 x .-+ x Xp to each vanable are described

by the matrices
P[X|1X|X]...X[)}=-||r,|'|p1|'|@1;3'13@'#!3@""5@:1:“”
P(Xa|XiX2..Xp)=1py ®Ipt, @14y @ ---® Ly,

P(XplX1X2.. Xp)=1m @1y, @1y, @ - @1y, (30)

where fp denotes the Q0 x @ identty matrix, lo is the
(-dimensional column vector with all ones, and @ 15 the
Kronecker product. All the matrices contain mostly zeros, but
they are row stochastic, since only one element per row 18

equal Lo one.
For example, matrices (30) define the blocks at the bottom

of Fig. 2, if D = 3 and if § is the whole product space:
h— (X| Xj X'J,']

Vice versa, the maps from each variable to the product space
are the transposed normalized of (30)

P((X X2...Xp) X))

ﬂ;=1 M; h
P((X\ X2 ... Xp)P|X2)
M3

g I T
i=l| i

PUX i Xe . o Xp) X D)

s Mp 13‘
=T
12 M ™

The matrices are row stochastic and have ([_],.":__':I M; /M)
nonzero equal elements in each row, reflecting the uniform
ambiguity that, when given a single variable X ;, is left on the
product space. In the graph, the ambiguity is resolved around
the replicator block by the intersection (product rule) with
messages coming from the other variables.

Matrices (31). for example, can be applicd o dehine
the blocks that, in Fig. 3(¢), go from X, Xz, and X;
o (X1X2X1)W, (X1 X2X3)?, and (X1 X2X1)"). Similarly
matrices (31) can be used to define the blocks in Fig. 6 that
go from SEE} o {sz}ﬂg)“j, from S3 to {SF}SE]{Z], from ¥ to
(YgSg)mj and from §3 to [}"153}[3}.

EI.{fﬁ_ﬁng@'@f“H {F'I]

X1. X5, and X3 having sizes My =2, M2 =3, and My = 2,
respectively, are

P(X1iX1X2X3)

0
0
0
0

\ 0

As an example, the structure of matrices (30) and (31) for

i
4= i - = S PP

T e -
—— e S (R X PO P —
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i e s =

[1 0 O\

| 0 0
1 A
(- f Al
0 0 1
0 8 ]
P(X21X1X2X3) = L 0 0
I 0 0
0O 1 0
0 1 0
0 0 |1
R\“ () l)
I D\‘
{F
| 0
0 |1
| O
0 1
P(X3| X1 X2X3) =
10
0 1
I 0
§ -
0

|
\O0 1
1 il
P((X1 X X)) X)) = EP(xux.xgxa}’

2 | .
PU(X) X2X3)P|X5) = Ef*(xzmxzx;}’

] -
PUX) X X3 X3) = = P(Xs EiXaXar
3

o

APPENDIX B
DERIVATION OF THE ML ALGORITHM

To solve the ML problem (9), we seek to minimize the
following cost function:

N
C(0) = —» Lln]|log (fy,0by) — 13,8  fxim]  (33)
n=|
where we have added an extra term that is just equal to one V n,
when @ is row stochastic and £y, 1s a distribution. This term

acts as a regularizer and leads 1o a very stable algorithm. The
constrained problem 1s

ming C ()

o

=

| A
<
£,
=
I

(34)

Note that the last two conditions automatically imply that
fij < 1. There are My x My inequality and My equality
constraints. Applying KKT conditions [22], we gel

| e My My . My My
= O ot = G;—=1]=0
m E‘}z:} . il leﬁ M ; ;
My |
;<0 D Gi—1=0
_II:=
lf:l-.fm = D AI]JF{_HFIH} ==y of =1 MJ{: m= 1 M]r'.
23]
Taking the derivatives
N ,
Dby (0 :
il Z Lln] f}fln?{{ g L, — fximy )] — Aim = 0
= SR
My .
. (36)
—f; = O ZHU -1 =0
J=I
A 2 00 A (=) = 0 {=1:My: m=1:My.

Therefore, 45, and the complementary slackness conditions
become

; fk'lni(‘r)b}’[u]{m}
Alm = — 'J-'IH] — fk'l.lil(“
”z:: £ (m@Dyin
N .
\ fﬁ'|n|(”b?’|n|{”7} .
% LInlg &, — — B, S =
Z [n]{ O r{' Hh}q”] im S X[n]
n=I\ Xln|
=1 Myv: m=1:My. (37)

It is easy to verify that 4;, = 0 for all /,m. From the
complementary slackness condition and the constramnts, the
iterations for the ML algorithm follow immediately.
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