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Civen a real N-dimensional column vector %, a Softmax function is defined as
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where the notation ¢* denotes the vector le¥1tt...e™ 1™, More compactly
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where 1 is a vector with all ones.

B.1 Property 1 » S#I(FT INVARIACE

S(x ~cl) = S(x), for any constant c. (34)
Proof: immediate because —Z—,*J—J:._,;;;- = f%’?
B.2 Property 2 ;. THE (N VERSE
Given p = S(x), the inverse function is

x =logp + 1, (35)

where ¢ is an undetermined constant.

This property means that the softmax function is invertible, except for a constant that
cannot be determined from p. Constraints on x may help to obtain the constant. Note that
this is also a consequence of Property 1, i.e. any constant added to the input is definitely
lost.

B.3 Property 3 ; SUPERTOSITION AMND 3CALING-
S{aix) + @gxg A4 ..+ anXy +cl) X S(x1)* O S(x)? ®- @ Sxn ), (36)
where a1, g, ....x are any real numbers.

Proof: From Property B.1 the constant term is irrelevant. Observing that ——V———EGMQ,.,J o
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Note that product in the right hand side of { 36) isw distribution, i normalized.
More specifically, Properry 2 implies that the siun becomes

8(x; +x2) x S(x1) D 5(x1). (37)
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Similurly a difference becomes 7 7 '
S{x1 —x9) x S(x1)./8(x1), (38)

where ./ denotes element-by-element division. Clearly the values that appear at the de-
nominator must be non null. Scaling the input gives

ex 1 | g\ S(ax) o S(x)?, (39)

which represepf a sharper or smother distribution with respect to S(x) if e > lor0 < a < 1
respectively.” Changing the sign to the input gives

S(—x) x 1./8(x), (40)

where ohviously the numbers at the denominator must be non null.

PROPERTY 4 ¢ e TACoBIAN
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