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8-5. DIGITAL FREQUENCY TRANSFORMATIONS

In this section, digital frequency transformations will be discussed.
These transformations can be used to transform a digital low-pass
filter into a digital high-pass, band-pass, or band-stop filter.
Hence, once a digital low-pass filter is obtained by using the im-
pu}:o-invariant method, the other type of filters can then be ob-
:ulped by using digital frequency transformations. This section is
the counterpart of Sec. 8-3 for the digital case.

Consider the transformation

z = f(z') or ej”T - f(ejw'T)

The function f(z') is reguired to have the property If(oju‘T)I -1
for all w'. A function with this property will be called a unit
function. A unit function maps the unit circle on the z'-plane in-
to the unit circle on the z-plane. For 111u;}r;;10n, consider the
ﬁapﬁI;;_:;;:;iin ;Ié.gé-i3(a)j 7}: is a two-to-one mapping. We see
that both ”;1 and _ué2 on the w'-axis are mapped into -up on the w-
axis, both w' = 0 and w' = w/T are mapped into w = 0.

Consider the transfer function H(z) with the amplitude charac-

teristic shown in Fig. 8-17(b). Define

vigry 8 ) '
H(2') 2 M) | gy, = HUEGED)

or

w e’ T) - niee?' ) -

The new transfer function H'(z') is obtained from H(z) by the sub-
stitution of z = £(z'). The amplitude characteristic of H'(z') can
be obtained from that of H(z) as shown in Fig. 8-17. For example,
the magnitude of |H'(-julT

e .o )| at ..»;-,1 and -u;’z is equal to the magni-
tude o H(e

)| at -wp that is measured as a. By this process
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The

FIG. 8-17. A digital frequency transformation.

the amplitude characteristic of H'(z') can be readily cbtained., We
see that this transformation converts a low-pass filter into a band-
stop filter. This type of transformation is called a digital fre-
guency transformation. v

Not every function f£(z') is a unit function, that is, has the
ju'T

property |f:e }| = 1 for all w'. We claim that a unit funetion

must be of the form

:'2+cz.'1-c
-1 , .t + b . 1 2

T bz' 4+ 1

c12+:lz'+l

) .2
z + dlx + dzz' + d]

V3 2 ' .
d]z + d2: + dlz + 1

(8-48)

or an{-n/D{zJ. where n is the degree of the polynomial D(z) with
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Chap. 8: Design of IIR Filters e

real coefficients, and b, Sy and d1 are real numbers. We verify
this for the last term in (8-46). Indeed, we have

.Jju“r o ju'T

d
Jjw'T 23u'T Jw'T
d3° + dze + dl' +1

2§u'T
”.ju"r) . 1° + dze + dJ

3ju'T 2ju'T ju'T
e + dl.. + dza + dJ

eru‘l‘(.-Jju"l‘ + d1‘-2ju'1‘ + dze-ju”r + dj)

(cos 3w'T + d1 cos 2w'T +d_ cos w'T + da)

2

erQ'Tlcox 3w'T + d1 cos 2w'T + dz cos w'T + d;’

+ j(sin 3u'T + d1 sin 20'T + d2 sin w'T)

" T3(in T+ 4 sin 20'T + &, sin W'D

Since the magnitudes of the real and imaginary parts of the denomin-
ju'T

)| =1 for
all w'. This shows that the functions in (8-46) are indeed unit
functions. (See Problem 8-24.)

ator and numerator are the same, we conclude that |!(e

With this background, we are ready to discuss the required
transformation in the design of various digital filters.

Low-Pass-to-Low-Pass Transformation

Consider the two low-pass filters shown in Fig. B-18(a); one has a'
bandwidth “p' the other u"). The problem is to find a unit function
z = f(z') to achieve this change of bandwidth.

Consider the transformation

;
R ‘l’ - (2" (8-47)
or
4
JuT ' Tyn

e - ——
be’“"r *%

It is easy to verify that 'l maps w' = 0 intow = 0, and w' = /7T

into w = ®/T. Now if b is chosen so that fl maps us'. into "'p’ then
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(a) (v)

FIG. 8-1B. A low-pass-to-low-pass -ligital frequency transformation.

tt(z') is the desired transformation. We equate
ST
]”p
Jw'T
be P 41

Ju T o + b

that implies
Jult  ju T
e P .o P
AL o
“J (upmpl g
3 2 '-w )T/2 - '-w )T/2
j(upmp)’l‘/ [ej (up up)._ Y " j(up up) /

b=

e
= 0 O pex 0
uj(upﬂap)'l‘/?[a)(up+up)'l‘/2 o j(upoup)T/?]

sin (@'T - w T)/2

- — (8-48)
sin (w'T + w T)/2
Hpt T UgTi
Hence, using (B8-48), the required transformation can be obtained.
The substitution of z by fl(z‘) will convert a low-pass filter of
bandwidth up into a different low-pass filter of bandwidth u‘;. We
plot in Fig. B-18(b) the transformation as a function of w'.
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Low-Pass-to-High-Pass Filter

We discuss now the transformation that transforms a low-pass filter
into a high-pass filter. consider the unit function

z' + b

z = fhlz'] =Bz v 1 (B=49)
or
ju'T
T L ‘%ﬁ"_h (8-50)
be + 1

This function transforms W' =0 into w = tn/T, and w' = in/T into
w = 0 as shown in Fig. 8-19(a). If w' = m1.> is transformed into

w = Hp' then we have

T S
- +b (8-51)
® ju'T
be P +1
simple manipulation yi_olds
cos (w'T - w T)/2
- : (8=-52)

cos (w'T + w T)/2
P F

. -
|H@™T)
' !
i :
(Y 2
[HiedoT))
o

FIG. 8-19. A low-pass-to-high-pass digital frequency transformation.
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- Part II: Digital Filters

A plot of Eg. (B-50) with b given by (B-52) is shown in Fig. 8-19(b).
We note that the b in (8-52) is obtained by transforming w' = m;
into w = “p‘ If we transform uw' = “l:" into w = ‘-mp. then we obtain

=juw T
e P -

which implies

t cos (W'T + w T}/2
b= - (8=53)

cos [”:.I'»T - up‘I‘)/?
The plot of (8-50) as a function of w' with b given by (8-53) will
be in the sccond and fourth quadrants rather than in the first and
third quadrants as for the b given by (8-52)., The transformation
using either (8-52) or (B-53) will give the same amplitude charac-
teristic but different phase characteristics, Hence, the phase
characteristics should be the factor te determine which transform

to use,

Low-Pass-to-bana-Pass Transformation

The function required in a low-pass-to-band-pass transformation must
transform Ul;l into up and ul;z inte -wp as shown in Fig., B-20(a);

therefore, the function must have two parameters or more. Consider

z'z + clz' + <,
z=f (2') = - ——m——————— (8-54)
b 2 R
c.z +c.z' v 1
2 1
or
' '
JuT ezju Ty clej"’ T <,
e - 23uT JuT (B=55)
c e +ce + 1

This function transforms w' = /T into w = n/T and w' = 0 into
w = =n/T. If the function transforms u;n into w_ and w'_ into =w_,

p2 P
then we have
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\

Gaitl] .

(v)

digital frequency trans formation.

(=)

FIG, 8-20, A low-pass-to-band-pass

2ju' T Ju' T
¢ pl Pl
jup‘l‘ e + clo + t:2

2jw'. T Ju'. T

pl pl

Czl + cle +1
2jw' T Ju',T

-ju T e P2 + cla p2 + ¢y

23w’ T Ju' T
p2 p2
cza + cl. + 1
These equations can be arranged as

Jlw _+2w'

jut ¢ e T
pl[e’¢1]¢c2[c LA

Jlw! -w )T ju T Jl-w +20' )T 2jw!
Pzp[1 P]"z[' s “p2 ‘1}___ p2

)T 23w T ju_T
c.e 3 #1]--. p]._.p
1
T -

c.e +e -ejup'r
1

The elimination of ¢y from these equations and simple manipulation

yield
Choa '
.j (“pl up)'l' ) 3jmpz'l'
c -
2 Jor T Jlwlmw )T
RV g AR

Trom “"Ope Divmepsional 01’:/}’0/ Sl';fn"/
s 0, LSre —» Lo ‘/A”" Acl‘k‘-" 1979
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Tha
TABLE B8-3. Digital Frequency Transformations
Low=-pass — z2' + b b= sin (W T - w T)/2 l2
to bz' + 1 sin (w'T + w 1)/2
low-pass P P
Low-pass . ._(z. +B) & :.cos (W'T - w T)/2
to bz' +1 cos (w'T + w T)/2
high-pass P P
2
' . '
pass e z + clz +cy i cos (mél + up2)1/2
to 2 . cos (w', = w' )T/2
band-pass czz' + clz +1 pl p2
k = cot v o-w' )T/2 tan w T/2
(mp1 02 / o /
k k=1
M yea 2% ke
2
- . ' . .
Lo:apass .. 2%+ ¢zt + ey - cos (uq‘ + uq2)1/2
T
band-stop c:zz.'2 + clz' +1 o8 (”ql "'qz”/’
k = tan (W', -w' )T/2 tan w _T/2
a1 qz) / a /
1 1 -k
b T e L T R
Let us define
Jw! T Ju'! T =~ju T
1 2
K= e p‘rvej‘:‘r)(l-ejp_)_
Ju'! W =ju T
(e Pl _ o Pz)(l*e P
(', = )T ¢
—pl___P: _ ..
- cot —R1 tan £~ (8-56)

Then it can be readily verified that <, can be expressed as

k-1
€2k + 1 (8-57)
Similarly, the constant € can be solved as
13
c = < T (8-58)
where -
cos (w', + w' )T/2
1 2 (8-59)

h= U 2
cos (upl UPZ)T/
Using Egs. (8-56) through (8-59), the parameters ¢, and <,y in (8-54)
can be computed. The plot of (8-54) as a function of w' is shown in
Fig. 8-20(b). We see that it is a two-to-one mapping. Note that

i . ' i ' ' 5
the point ("'pl + upz)/Z, the midpoint of upl and ”pz‘) 15 not neces

sarily manped into w = 0.
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8.3 / Frequency Transformations 649

TABLE 8.13 Frequency Transformation for Digital Filters
(Prototype Lowpass Filter Has Cutoff Frequency w,)
Type of
Transformation Transformation Parameters
- ™! -a @), = cutoff frequency
Lovi ! 1 = az! " of new filter
sinf(w, — w,)/2]
47 Sinltw, + wp/2]
. = "' +a w,= cutoff frequency
Highpass L T T+ar ! " new filter
cosf(w, = w,)/2]
PR Lt iy . e
cos[(w, + w)/2]
) Bandpass - _ 2P -az"' +a  w = lower cutoff frequency
a2 =az:' +1 w, = upper cutoff frequency
a;, = ($2aK/(K + 1)
a=(K—-D/K+1)
: o = Sl + 0)/2]
cos((w, — w)/2)
W, - w W
K = cot 2 tan )
Bandstop oy, = lower cutoff frequency

w, = upper cutoff frequency
a, = (+2/(K + 1)

a = (1 - K/ + K

v _ cosl(w, + w)/2]

~ cosl(w, — w)/2]

K = tan "ﬁT-i’ wan %“

=
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e ynreal

omegad=2"pi*fe s
signad-160

rho=sqrt (sigmad”2+omegad 2) ;@ (2 { P
a=[1 -2*sigma@ rho*2)

b=[rho~2]
i = R8T DEL

FLTEO ANALOL-CD
m‘.um ‘{9(3\
o =1, 2850e104 o
oo Co.cee .55 J2 & i Sk Gpw
:.;SM l”.-(‘ﬁ‘-c W”Q“’“"‘ e ol

g

Phase (degrees)
8

L

-0

: 10
Frequency (rad/s) -, B
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febp Jdate & Aot 1) 27 taeas .
om=linspace(d, 100000, 308); kgenerate 380 point on the omega axis from @ to 18~5
Hefregs(b,a,om); % get the complex response

figure(2)

subplot(2,1,1); plot(om,abs(H)); grid on

subplot(2,1,2); plot{om, phase(H)); grid on
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MMedoto dell'invarianza all'impulso

T=1/20000; Xsampling interval
B=[8 exp(-sigma@*T)*sin(omegad*T)]
A=[1 -2%exp(-sigms@*T)*cos(omegad*T) exp(-2*sigmad*T)]

figure(3)

[H W]=freqz(B,A,200); Xget frequency response (abscissa in rad)

[h t]=impz(B,A); Xget impulse response
subplot(2,2,1)

.

plot(W/(2%pi),abs(H)/abs(H(1))) ¥plot magnitude (abscissa in norm freq.; magnitude mormalized to the valuve in
)

ylabel( 'magnitude’')

xlabel('nu')

axis([@ 8.5 @ max(abs(H))])

grid on

subplot(2,2,3)

plot(W/(2*pi),phase(H)) Xplot phase (abscissa in norm freq.)
ylabel('phase’)

xlabel( nu’)

axis([® 0.5 min(phase(H)) max(phase(H))])

grid on
subplot(2,2,2)
zplane(B,A)
subplot(2,2,4)
stem(t,h) %plot impulse response
ylabel('impulse response')

xlabel('n")

Xcompute and plot z plane F
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Logloy o ool dl | HOA Conn by

Figure(4)
subplot(2,1,1)

loglog(W/(2*pi), abs(H)/abs(H(1)}) %plot magnitude (abscissa in norm freq.)
ylabel( 'magnitude')

xlabel({ nu")

axis{[@ 8.5 @ max(abs(H))])

id ol
i«r;apl:cz,:.,n {_/9:__1? \FT 2 H

semi logx(W/ (2*pi) ) %plet phase ( in norm freq.)
ylabel('phase’ )

wlabel( nu’)

axis([@ 8.5 min(phase(H)) max(phase(H))]}

Egrid on

2 1 '
10 10 %
nu \') :

V-
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“Y

xmedodo dell’ invarianaza al gradine

theta=atan(- signa® / omega®)

alph xp(<siplﬁ‘1)’u¢(theta)‘cos(mﬂ0‘f - theta)
ma-eprslpl'")':os(e-enﬂ"r)
p-a-up(-l'sipa"v)

A=[1 -2"beta gamna ]

B=[@ alpha+1-2°beta -alpha]
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Xmedodo dell’invarianza alla rampa

tan((omegad”2 - sigma®*2) / (2*omegad*sigme@))
xp(-s1gmad*T)*sec(theta)*cos(omega®*T - theta)
beta=exp(-sigmad*T)*cos(omegad®T)
gammasexp(-2*sigmad*T)
a=(2*signa@)/(T*(sigmad”2+omegad”2))
-2*beta gamma
:{}-delu-alplu‘dllu -2*beta-delta*gamma+deltas2*alpha*delta (1+delta)*gamna-alpha*delta]

80 4
)
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- x
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Metodo della approssimazione delle derivate 1
As[1 -2*(1+sigmad®T)/(1+2°sigmad*T+rho"2*T42)

8a[(rho*2°T42) /(142" s1gmag* T+rho*2°T2)]
A=

1.0000 -1.9588  ©.5268

8=

0.4679

ez T

S

n -

2 P

{ 2 A/ ren

A

A

‘u}ﬁ"‘—-’

(ateq. CAULACE )

1/(142°sigmad*Terhot24742) |
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Zmetodo della trasformazione bilineare ) A f‘
omege@w=(2/T)*tan(pi*nue) /
rhow=sqrt(signad”2+omegadn"2) £ - ( 1
Kendod*signad® Terhow*2°TA2 7 o eanucolen
Ae[1 (-B+2°rhow*2°T42)/K (4-4*s1igna@* T+rhow"2°172) /k] = 2 2
B=[(rhowr2°TA2)/k  (2°rhow*2"T"2)/k  (rhow?2°T"2)/k] at=~4
omegabw =2.0381e+04
rhow = 2.0381e+04
k »5.0585
A=
: 1.0000 -1.1709 0.9921
B=
8.2053 2.4106 9.2053
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LCCCCCXCONFRONT X0

XMedoto dell’invarianza all'impulso

T=1/20000; Xsampling interval
BII=[@ exp(-sigmad*T)*sin(omegad*T)]
All«[1 -2%exp(-sigmad*T)*cos(omegad*T) exp(-2*sigma@*T)]

Xmedodo dell’invarianaza al gradino

theta=atan(- sigma® / 20)
alplu-qm( u'-.'Y)'uc(tl\cu)‘:os(uepo'Y - theta)
Lt}

'-c-e:o( z'sW’T)
AIG=[1 -2*beta gamma)
BIG=[8 alpha+1-2*beta -alpha)

Xmedodo dell'invarianza alla rampa

theta=atan((omega@~2 - sigma@*2) / (2*omegad*sigmad))
alpha=exp(-sigma@*T)*sec(theta)*cos(omega@*T - theta)

beta=exp(-sigma@*T)*cos(omegad*T)

gamma=exp(-2*sigma@*T)

delth=(2*sigmad)/ (T*(sigmad*2+0megad”2))

AIR=[1 -2*beta gamma]

BIR=[1-delta-alpha*delta -2°bi ganma+del alpha*delta (1 *gamma-alpha*delta)

TMetodo della approssimazione delle derivate 1

AAD=[1 -2*(1+51gmad®T)/(142°sigmad* Torhor2°TA2)  1/(1+2°5igmad*Terho*2*T42) |
BAD=[ (rho”2°T42)/(142°51gma* T+rhot2T42)

Xmetodo della trasformazione bilineare
omegadw=(2/T)*tan(pi*nue)

rhow=sqrt(signad”2+onegadu”2)

k=4+4%S1gmad* Terhow 2°T~2

ATBa[1 (-8+2°rhow*2°T*2)/k (4-4*sigma@*T+rhow"2°T42)/k]
BTB=[(rhow"2*T*2)/k (2*rhow2°T*2)/k (rhow"2*T72)/k]

Xmetodo del FIR dal campionamento e troncamento dell risposta impulsiva
tmax=2/sigmad

N=floor(tmax/T)

BFI=[]

or n=8:N
!ﬂ-[lFI exp(-sigma@*T*n)*sin(omegad*T*n)]

An-[n

figure(s)
[MII W)=freqz(BIT,AI,200);
lo‘la((ﬂl(z'pi),M(MI)IOM(HH(I)), b')
ylabel(" magn. itude')
xlabel('nu')
axis([@ 0.5 @ max(abs(HII))])
grid on
hold on

[HIG W]=freqz(81G,AIG,200);
lﬂllnl(l/(2'91).“5('“6)/!“(“!6(1))"f“)

[nxu u]-fmx(un AIR, 200
lﬂllbl(w(l’iﬂ) lbi(’ﬂl)/ihs(“m(l)). g')

[mo H]-Cr'qx(w AAD, 200
lollq(ﬂltl'pl).IM(W)I-M(W(U).'l')
hold on

[HTB W]=freqz(BT8,ATS,200);
loglog(W/(2°pi),abs(HTB)/abs(HTB(1)), 'c")
hold on

[HFI W]=freqz(BFI,AFI,200);
1ouog(u/(z-pi),.h;(un)/-es(mx(n). k')

lagina p
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Per visualizzare vedi Deep Visulaization Toolobox by Jason Yosinsky
su Youtube
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Lezioni 19-20-21

martedi 8 dicembre 2020 08.57

(8 Dic 9-11; 11 Dic 9-11; 15 Dic 9-11)
Lezioni di esercitazione su Reti neurali usando Python/Tensor Flow/Keras
Tenute dal Dott. Giovanni Di Gennaro
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