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Phase Vector
In engineering, a sinusoidal signal
z(t) = Acos(27 fot + )
is commonly described through a phasor

z(t) = Aexp(j(2m fot + ¢))

@® Band-Pass Signals and Rice Representation

© Low-Pass Representation for Stochastic Processes

1/20 P. Salvo Rossi (SUN.DIII) Analog Communications - Lecture 02 2/20

Hilbert Transform (1/2)

The Hilbert transform of z(¢) € R is the real-valued signal obtained as

1 h(t)

1
“ () = H{z(t)} = x(t) * —
0 1
1 x
Sy FLY
T pt—1T
It is useful to replace linear differential equations with algebraic equations . X , 1 . sign(f)
FLOH = X(NF{ 7 () = X ()™
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Hilbert Transform (2/2)

The Hilbert inverse transform is simply obtained applying it twice

1 1
*
wt 7wt
In Fourier domain

FHEO}(f) = X(f)Sigj.(f) Sigjm —X(f)

Back to time domain

H{a()} = —x(t)

Equations for Hilbert (direct and inverse) transforms are

i-(t)—l/ (1) 4 x(t)——l/ H) 4

T pt—1T U

P. Salvo Rossi (SUN.DIII) Analog Communications - Lecture 02

Analytic Signal (2/3)
Consider z(t) € R and its Fourier transform

X(f) = Fle(t)}(f) = /R £(t) exp(—j2r f1)dt

known to be Hermitian, i.e.

or else

{IX(—f)\ = |X(f)] {%m—f)} = R{X(/)}
LX(—f) = —2X(f)  |S{X(-N}=-S{X(N)}

Knowing the behavior only for positive frequencies is enough
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Analytic Signal (1/3)

The analytic signal is a generalization of the concept of phasor to describe
an arbitrary real-valued signal

The following relation must hold as well

£(t) = R{#(1))
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Analytic Signal (3/3)

x(t) and z(t), viewed as /O of the following LTI system, represent the
same information

X(f) X°(f)
_JL H(f) = 2u(f) _L m ﬂ ﬂ

fo of fo f fo of fo f

Also, from X (f) = 2
Bt = FUu(f)} alt) = F 1+ sign(f)} # (1)
_ <5(t) +j7:t> c2(t) = (1) + j— % 2(8)

it
= z(t) +j2(t)

= p(t) exp(o(t))
x(t) is the analytic signal representing x(t) J
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Properties

- B(t) =, an@a(t)
ot =D anal®) = {i(t) = Y anda(t)

2() = 2(t)y(t)

z(t) low — pass in (0, By)
y(t) band — pass in (Bs, B3)
B1 < By < Bg
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PSD Properties (1/2)

Po=Jim o [ Cla(oPar= [ g 7 Xe(7)Rar

T—o0 -T/2

sign

Pu(f)

2
j(f)| Xr(f)2df

1

— lim —

,/R T T
P:(f)

1
_ /RThfolo 71X ()Pdf

Pe(f)=Px(f)

- P,
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Correlation Properties

Using the standard 1/O correlation relationships for LTI systems

y(t) = h(t)*a(t
Ryy(t) = h(7)* B (=7) * Roa(7)
we get
Rig(1) = Ruy(7)
Rig(T) QRIy(T)
= 2Ry (7) + j2Ray(7)
1
Ray(r) = SR{Rig(7)}
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PSD Properties (2/2)
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1 +T/2
lim / 13(t) 2t

[ Jim (PP (P
JR 0

Py (f)
[ 4ut) Jim 1 (1)

Pe(f)=4u(f) Pz (f)

2P,
P, + P;
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Band-Pass Signals and Complex Envelope

A band-pass signal x(t) has significant spectral components within a finite
range of frequencies not including the origin, i.e. 0 < By < By

X(f)=0  V|fle R—(By,By)

A~ N

o ol fo f fo ol fo f

The complex envelope (or equivalent low-pass signal) of x(t) is
#(t) = i(t) exp(—j2r fot)

where fj is usually the centroid of the spectrum

1o A P
U T RS
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Some Relations
Z(t) = p(t)exp(6(1))
r(t) = p(t)cos(2mfot + 0(1))
z(t) = x7(t)sin(27 fot) — xg(t) cos(27 fot)
zr(t) = x(t)cos(2m fot) + &(t) sin(27 fot)
zg(t) = 2(t)cos(2m fot) — z(t) sin(27 fot)

p(t) = |a(t)] = |2(t)] = Va2 (t) + 22(t) = \/aF(t) + 23 (1)
0(t) = o(t) - 2mfot

wt) = S0 (1) = g=lt)
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I-Q Components and Rice Representation

In-Phase and Quadrature components of a band-pass signal x(¢) are
defined as

wr(t) = R{z(t)}
Z(t)}

ltm)

zg(t) = -S

It is straightforward to show that

@(t) = 2(t) exp(+j27 fot)
z(t) = wi(t) - jrg(t)
and finally
x(t) = x(t) cos(2m fot) + zq(t) sin(2 fot)
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Properties

_ X = fo) + Xi(f+ fo) | Xolf = fo) = Xo(f + fo)

X(f) = 5 5
Xi(f) = X (f=fo)+X(f+ fo)
X~(f = fo) = XT(f + fo)

where s (1) = s(t)u(—t) and s*(t) = s(t)u(t)
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LTI and Low-Pass Representation WSS Band-Pass Random Signals (1/2)

Consider a pass-band LTI system with impulse response /(t) Consider a WSS band-pass random signal x(t), then
y(t) = 2(t) % h(t) = / W)t — 7)dr Ra(r) = E{i(0)F(t— 1)}
. = E{i(t) exp(—j2 fot)a" (¢ — 7) exp(+j2mfo(t — 7))}

where the input 2(¢) and the output y(¢) are band-pass signals .
®) Q . = Rs(7)exp(—j27 for)

(1) y(t) i) | . j(t) = 2 (Rx(r) +jf%w(7)> exp(—j27 foT)

— () f—— h(t)

= 2 (RT(T) cos(2m fo1) + RT(T) sin(27rf07)>

The relation between the complex envelopes is 452 (RI(T) cos(27 for) — Ra(7) sin(?wfm))

i) = it exp(—j2nfot) = SPELTN (30) )

2 i.e. the same relations refer now to the autocorrelation

exp(—j27 fot) (- o ¢ ; o .
- T 9 ((T(f) exp(+727 fot)) (h’(t) exp(—l—j27rjgt))> Ry (T) = Rag (1) = Ry(7) cos(2m foT) + Ry (7) sin(27 for)
= L [ byt = e = Lawy iy Reyolr) = ~Rayag(—7) = ~Ra(r)sin(2nfor) + Ro(r) cos(2rfor)
R
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WSS Band-Pass Random Signals (2/2) An Interesting Example

Consider a WSS band-pass random signal z(¢), then
Consider the following band-pass random signal

e the complex envelope Z(t) is WSS () = A(t) cos(27 fol) + B(1) sin(27 fot)

e the I-Q components x;(t) and z(t) are jointly WSS and orthogonal where A(t) and B(t) are low-pass jointly WSS signals, then

e the I-Q components x;(¢) and z(t) are incoherent if the PSD of e the signal is ciclostationary with average autocorrelation
x(t) is symmetric around fj
Rap(1) — Rpa(T)

- Ra(T)+ Rp(T)
= 2

R, ( 5

cos(27 for) —

sin(27 foT)
and finally

Ry (1) = Ry (1) cos(27 foT) + Rag (7) sin(27 foT) e the signal is WSS IFF R4(7) = Rp(7) and Rap(7) = —Rap(—7)
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