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Angle Modulation
e 1(t) is the information low-pass signal or modulating signal

e p(t) = Acos(2m fot + V) is the carrier signal

the transmitted signal or modulated signal has the form
z(t) = Acos(27 fot + (1))

where 1, (t) depends on z(t) through linear transformations

Phase Modulation (PM)
Vi (t) = s x(t)

Frequency Modulation (FM)

U (t) =s /tt x(T)dr

0
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Outline

® PM and FM

® Narrowband Approximation

©® Wideband Modulation
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Instantaneous Frequency and Frequency Deviation
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Signal Plots
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Correlation and PSD of Narrowband Angle Modulation

If 1,,(t) is a WSS signal with null expected value, then z(7) is
cyclostationary with period 1/2f

A? A?
R.(t,7) = o cos(2m for) + o cos(2m fo(2t — 7))
A? A?
+?R% (1) cos(2m foT) — ?R% (1) cos(2m fo(2t — 7))
A? A?
R.(1) = o cos(2m fo1) + TR% (1) cos(27 foT)
AQ
P(r) = 50U~ fo) +6(f + fo)
A2
o (P, (f = fo) + Py, (f + fo))
A2 A2
P7 - i 7P .
o 2 + 2 o
B, = 2B,
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Narrowband Approximation (1/2)

Using series expansion of exponential function

z2(t) = Acos(27fot + 1, (t)) = AR {exp (j2m fot) exp (1o (1))}

n=0

= AR {exp (727 fot) Z jnlfg(t) }

The bandwidth of ¢)!'(t) is n times the bandwidth of v, (%)
The bandwidth of z(¢) is infinite

Assuming small phase variations, i.e. |1, (t)| < 1

2(t) ~ AR{exp (27 fot) (1 + ju(t))}
= Acos(j27 fot) — A, (t) sin(j2m fot)

Looks like AM modulation:
the modulating signal is in quadrature w.r.t. the carrier signal
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Complex Envelope of Narrowband Angle Modulation

Analytic signal and complex envelope are

2(t) = A+ jiba(t)) exp(j2m fot)
2t) = AL+ ()

. zq(t)
e The complex envelope is complex-valued

e Real (resp. imaginary) component has ‘/
arbitrary (resp. arbitrary small) value |
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Wideband Modulation: One Sinusoid Modulating
Focus on the FM case with modulating signal
x(t) = Ay, cos(2T fint + Om)

then

U (t) = L sin(27 fut + O

S
27Tfm

and the transmitted signal is

sApm .
z(t) = Acos |27 fot + ° sin(27 fyut + O1n)
Qﬂ—fm

= Acos (27 fot + B sin(27 frnt + 0,,))

with
Afmaz = SAm and 67YL - Af.max
2w fm
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Wideband Modulation: Bessel Expansion (2/2)
1 (7 1 [+7
Jn(x) = / exp(j(zsin(a) — na))da = / cos(z sin(a) — na)da
2 J_» m™Jo
e Jy(0)=1and J,(0) =0
4 JQ’IL( :) JQn( )and J_ 2rL( ) _JQTL(x)
L4 J277,—1(_$) — _J277,—1(x) and J—Qn—i—l(m) - _JZn—l(m)
o Jn( )~0ifn>>:1:
o Yo L J2(x) =1
+"3771
~ A Z (B cos (27 (fo + nfyn )t 4+ 16y,
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Wideband Modulation: Bessel Expansion (1/2)

z(t) = Acos (27 fot + B sin(27 fnt + 01))
= AR {exp(j27 fot) exp(jBm sin(27 fint + 0)) }
+o0o
= AR {CXp(jQWfot) Z Jn(Bm) exp(jnb, ) CXp(j27Tnfmt)}

n=—oo

+o00
= A Z In(Bm) cos (27 (fo + nfim)t + nbp,)

n=—oo

Infinite spectral components with frequency spacing equals to f,, J
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Wideband Modulation: Bandwidth

Z(f)

TI]TIIT ¢T[TIT¢ .

: f(l UI f(; j

> )y
fm B: = 2"“7)1:11‘711
B, = Qﬂm fm
A2
z = ?
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Wideband Modulation: Two Sinusoids Modulating (1/2)

Focus on the FM case with modulating signal with f; > f5
x(t) = Aj cos(2m fit + 61) + Ag cos(2m faot + 62)
then

sAs .
27”32 sin (27 fat + 62)

U (t) = 87;4;1 sin(27 fit + 01) +

and the transmitted signal is

2(t) = Acos(2mfot + [ sin(2w fit + 61) + [asin(27 fat + 62))

8A1 9A2
and
2 fy %= 0,

P =
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Wideband Modulation: N Sinusoids Modulating

Focus on the FM case with modulating signal

N sA
= Z Apcos(2mfot +6,) with By = - :
27 fo

/=1

then
+61 +8Nn

At) ~ A DY Y (B Jay (BN)

n1=-—/01 ny=—0n

N N
X COS <27T <f() + Z ngfg> t+ Z n595>

/=1 =1

m = aIg, max fe

.....

B, = 2ﬁmfm and P, =—
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Wideband Modulation: Two Sinusoids Modulating (2/2)

Using twice the Bessel expansion
+51 +52

Zt ~ A Z Z Jnl ﬁl no /32)

n1=—/pF1 no=—/02

X COS (27T(f0 + 11 fm, + ’ILQf,,LQ)t +n161 + 71/292)

“!Z(ﬁMMMT*TIMHTT”TMMI’mhﬂrﬁmmm

fo f
Gl
fi fa
B. =2pfi

AQ
2
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Bz - Qﬁlfl and Pz =
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Carson's Bandwidth Rule

Assume a low-pass modulating signal x(t) with
e B, is the bandwidth of z(t)

e A, = maxy |z(t)| is the maximum amplitude

— SA,; — Afmaz
° ﬁ - 27rl§r -~ B

then extending the previous considerations we get

Merging results for narrowband modulation (5 < 1) and wideband
modulation (5 > 1), we get
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Wideband Modulation and Woodward's Theorem (1/3)
Consider a ll-order stationary random process v,(t) as modulating signal
R.(t,7) = A%E{cos(2rfot + ¥ (t)) cos(2m fo(t — ) + o (t — 7))}

= %E {cos(2m fo(2t — 7) + 1 (t) + Yt — 7))}

AQ
+7E {cos(2m fo(T) + Ya(t) — Yul(t — 7))}
A2 . , ) .
_ S j2m fo2t —j2m foT Gz (t) JJtbe (t—T)
- R {e e E{e e }}

A? . y _
+73% [CjQWf()TE{@]Uw (t)e_ﬂ/)w(t—’r) }:|

2

= SR [Ty 0y (s — 7))

2 .
£ R [ TRy 0y (1 - )]

where y(t) = exp(j1p.(t))
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Wideband Modulation and Woodward's Theorem (3/3)
Assume 1), (t) slowly changing, then ¢, (t) — ¥, (t — 7) =~ T@Z)z(t) and
Ry(r) = B{em 0} = [ ores (e
= 2rF ! {fy;m(%rf)} (1)

then P)(f) =2nf; (27f), giving

L mA% o, . o A2
Pu(f) = 5= (£, @n(f = fo) + f,(=2m(f + fo))) samd P. = 5
In the case of FM we have the Woodward’s Theorem
A2 2w 27
=" (1 (Zu-w)+ 5 (- Z¢+w))
S S S
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Wideband Modulation and Woodward's Theorem (2/3)

e The ll-order stationarity assumption makes both E{y(¢)y(t — 7)} and
E{y(t)y*(t — 7)} = Ry(7) independent on ¢
e z(t) is cyclostationary with period 1/2fj

A2 ;
R.(r) = 7%[@72ﬁ073y(7)
A% /. :
= A (i 1) 4 e Ry ()
and
A2
PZ(f) = Z (Py(f - fO) + Py(_f - fO))
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Bandwidth

e The shape of the PSD of the modulated signal z(t) follows
the shape of the pdf of the modulating signal z(¢)

e The bandwidth B, is approximatively given by
the support of the pdf f,(+)

e The support is proportional to the standard deviation o

The bandwidth is proportional to the amplitude of the modulating signal J
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Modulation and Demodulation Frequency Discriminator

FM modulation and demodulaton

2(t) _({() £(t) Envelope v(t) DC y(t)
il ) ot Detector removal
VCO >

z(t) frequency z(t)
discriminator : t
Galt) = s / w(7)dr
Jto
PM modulation and demodulation z(t) = Acos (27 fot + V(1))
2(t) = —AQ27mfo+ Ux(t))sin (27 fot + (1))
zt) [0, | #) [ ]2 o
e— (.)7(') VCOo - Assuming fo > 5|2 (t)|mar we get
. v(t) = AQ2wfy+ sx(t
z(t) frequency a(t) 1 & , x(t) ( ) ( Jo ( ))
Adiscriminator g 7 ()drp—"> y(t) = Asxz(t)
P. Salvo Rossi (SUN.DIII) Analog Communications - Lecture 05 21 /22 P. Salvo Rossi (SUN.DIII) Analog Communications - Lecture 05 22/ 22



	PM and FM
	Narrowband Approximation
	Wideband Modulation

