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System Model

IT= {plv oo 7pﬂff}
{Sl(t), S ,S]w(t)}, t e [0, T)
Em is the energy of the mth signal

Consider real-valued signals and noise
U= ay, — sm(t) €R is trasmitted
AWGN channel: i, (t) =0, Py (f) =mn0/2, w(t) € R

The signal space has dimension N < M and {#(¢),...,¥n(t)},t € [0,T)
is an orthonormal set for signal representation
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Signal Constellation
The mth signal s,,(t) is represented by
Sm,1 < Sm, Y1 >
Sm = : = :
Sm,N < Sm, YN >
The signal constellation is {si,...,s/}
U
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Received Signal
M possible hypotheses in ¢ € [0,T)
Hpy, o r(t) = sp(t) +w(t) m=1,...,M

To represent the noise and the received signal, we need an infinite
orthonormal set {1, (¢)}5° .

Assume that the first IV signals in the orthonormal set are those used for
signal space representation

< Sm + w, Y1 > Sm,1 wq
T|Hm = < Sm + w, wN > = Sm,N + WwN
< Sm +w,Yny1 > 0 WN+1
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Sufficient Statistic (2/2)

When transmitting the symbol a,, we observe a random vector with
N-dimensional pdf

. 1 ‘V/Q r— S”n 2
foja, (1) = () exp <—’ H )
10 10

1 \V/2 1 al 2

A
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Sufficient Statistic (1/2)

Two considerations are crucial:

e Only the first N components of the received vector are dependent on
the M hypotheses

e The components of the received vector are statistically independent

The first N components 71, ..., 7y, or simply the N-dimensional vector
r=(ry,..., 7’N)T, represent a sufficient statistic for the considered

detection problem, thus are the only to be computed

"o
r‘Hm =Spntw NN(STI’I?EIN
. . T
where the noise vector is w = (w1, ..., wy)
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Optimum Decision (1/2)

Decision is done via a partition of RV, i.e. Qp,..., Qe
{Qmmm =0  Vl#m
Um=1 Qm =RV
with
r < Qm — I'X Ay

Each partition leads to a different error probability

M
P. & 1-P.=1-Y pmPr(c|Hpy)
m=1
M
= 1- Z Pm PI.(T‘HTTL € Qm)
m=1
M
= 1= [ S, )i
m=1 vRim
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Optimum Decision (2/2)

The optimum decision is the one corresponding to the minimum Pr(e),
thus associated to the following partition

Q= {7' € RN :pmf'r'\Hm(r) > p@fr\Hg(r)7ve 7& m}

i.e. the decision rule is the following

u = argH}f%X{pmfﬂHm(r)}

~ argm [Pl
LS fr(T)
= aI'gII%X{PY(Hm,‘T)}

The last equality explains the name of Maximum A-posteriori Probability
(MAP) decision
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MAP decision (1/2)

/& = arg H}E}X {])’ITLfT“Hm (T)}
p 1 S
m 2
= argmax{ —— 5 exp | —— Y (f'n = Smpn)
" {(WUO)N/Q ( o ”Z:l S ) }
N
= argmax {770 log(pm) — Z(Tn - Sm’n)Q}
m
n=1
B ‘ o ) H5m||2 T
= argmaxq — log(pm) — —— + 5,7
m | 2 2
= argmax {:l/«m}
m
where defining A = (s{,.. ., SKI)T and by, = 3 log(pm) — 15 e
denote
Yy = Ar + b
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MAP vs ML

The MAP decision rule provides the minimum error probability
U= arg IDWE%X {pmf’r\Hm (T)}
If the a-priori probabilities are all equal (p,,, = 1/M), the rules becomes
1 = arg max {f,ﬂ‘Hm (7’)}
m
usually named Maximum Likelihood (ML) decision rule

ML is also applied when a-priori probabilities are unknown, however in
such cases minimum error probability is not guaranteed
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MAP Receiver Architecture (1/2)

: Y1
(T - 1) D >
t=T

R —— | Ar +b |

Xeur gie
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MAP decision (2/2) MAP Receiver Architecture (2/2)

It is worth noticing that

T N N T ()
Em = / an,(t)dt - Z Z Sm,nSm,k / wn(t)"/)k: (t)dt s1(T'—¢)
J0 n=1 k=1 0
2 o
= |lsml r(t) I i) i
. o N . i | 2 f—
<rsm> = / FOsm®dt = 3 rasmi / o (D)5 ()t | :
0 n=1 k=1 0
= STI;L’I" .S‘_,\/(T —t)
thus
"o Enm
5 log(pnm) — =~
U = arg max o log(pm) — —4 < 7, 8 > B
m 2 2
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ML decision ML Receiver Architecture with equal-energy signals

4 = argmax {fr‘Hm (r)} i t=1T
m
1 1 (t) l P& a
= argmax{ —— 5 exp (— |r — sm\|2> O I Arl S ——
m (7o) 70 I | | E
_ ; _ 2
= argmin {lr = sml*} on(T - 1) 5 ’

i.e. minimum distance decision rule

4 = argmax sTr—iHsmHQ )
m m 2 s1(T — t) b -

t="T
5777/
= argmaxq <7T,Sy, > —— | .
m 2 r(t) b i
i | o EECEN
I E
If signals have equal energy &, = £ the decision is ”
@ = argmax {s] r} = argmax {< r,s,, >} sm(T —t) K_.
m m t= '\ )
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Error Probability

P. Salvo Rossi (SUN.DIII)

M
1-P.=1-— Z pm Pr(c

Hm)
m=1
M
1— Z Pm Pr(r|Hp, € Q)
m=1

M
1— Z pm/Q fr\Hm (T)(IZ'I‘

m=1

M
1- Z Pm Pr <N <5m» UEOIN) S Qm)

m=1
Mo 1
1— m/ exp (—r—sm||2> dr
7;:1 (m0)N/2 Ja,, 0
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Signal-to-Noise Ratio

Symbol Error Rate (SER) takes into account for the average number of

symbols in error w.r.t. the number of transmitted symbols.

Bit Error Rate (BER) takes into account for the average number of bits in

error w.r.t. the number of transmitted bits (we will come on this later).
SER and BER are usually expressed as function of two possible

Signal-to-Noise ratios (SNRs): SNR per symbol () or SNR per bit (7;)

v = &/mo
W = &/Mo
where
M <
£ = mz_lpmgm gb = m

are the average energy per symbol and the average energy per bit
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