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ASK - definition ASK - constellation

The signal space has dimension N = 1, thus

Amplitude Shift Keying (ASK) modulation, often denoted -
discrete Pulse Amplitude Modulation (PAM) W(t) = () where &, = / P2(t)dt
0

NG

Different signals are obtained changing the amplitude of one single pulse ) ) ) )
The single component representing the mth signal is

sm(t) = Am p(t m=1,...,.M
. " sSm = Amv/Ep

Amplitudes are usually assumed to be equally spaced and symmetric

around the origin thus the signal constellation is (M = 4)

M-1
Ay =— 5 A+ (m—-1)A m

I
-
=
=

A
A A =0 7 < A Y
where A is the absolute difference between adjacent amplitudes 9 Vép S Ve TP \/é'_l) = VEp
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ASK - distance set

The distance set from the mth constellation point is dependent on m
The constellation does not exhibit a symmetric scenario w.r.t. each signal
The minimum distance is d,,;,, = A\/E,

Each outer constellation point has 1 neighbor at minimum distance
Each inner constellation point has 2 neighbors at minimum distance
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ASK - MAP (1/2)

The MAP decision rule is

i = argmax {pmfrim, (1)}
= arg II,IT,E}X {7]0 IOg(pm) - (7' o 57”)2}

= argmax {28mr + 1o log(pm) — 9,2,7}

and corresponds to the following receiver

threshold

detector
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ASK - received signal

M possible hypotheses in ¢ € [0,7T)

Hy,, = r(t)=A4, p(t)+ w(t) m=1,...,M

The sufficient statistic is

T|HTIL = Am\/?p +w ~N (AWL\/éTp'/ 7]0/2>

I 4 1 A A
" T " ;
3N A =0 A & JAN
2 Vep 2 & P t 5 “p t 2 \/é P
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ASK - MAP (2/2)
The thresholds {\g, ..., \ys} are defined as follows
r € (Am—1,A\m) — U= am
thus \g = —o0, Ay = +00, while for the inner thresholds
Ptr|Hy (Am) = Pma1 fr| o (Am)
i.e.

Sm+1 + Sm 7o ( Pm ) o
+ log m=1
2 2(3m+1 - Sm) Pm+1

For ML decision rule

Am =

Sm+1+ S
Al TOm =1, M —1

)\m -
2 )
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ASK - SER (1/3)

SER for equiprobable symbols with ML detection is

| M
P, = MZPr(qu)

m=1

1
= 7 (2Pr(e[H1) + (M — 2) Pr(e| H))

_ ! & I &
b ao(a)E) a0 (55))

O 2M 1) &
= w9 (A m)
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ASK - SER (3/3)

z=z=zz
LIrom
L2
=
&

10 5
SNR (dB) SNR (dB)

The energy required for a target P, increases with the cardinality M
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ASK - SER (2/3)

Average energy per symbol, in case of equiprobable symbols, is

M

1 2. MP—1 .,
ngZAmg,,f 5 A%,

m=1

where "M m = M(M +1)/2 and "M m? = M(M +1)(2M +1)/6
have been used, thus

1 6
Po= 2(1-— -
¢ ( M)Q< M?—ﬂ)

1 6logy (M)
= 2(1-— S 082l
( M)Q< M2—1 "
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PSK - definition

Phase Shift Keying modulation

Different signals are obtained changing the phase of one single sinusoid

t—T/2

Sm(t) = Acos(27 fot + 0., )rect ( ) m=1,...,M

Phases are usually assumed to be equally spaced in [0, 27) or [—m, +7)

2
anzd)%—(m—l)]\—? m=1,...,M

where ¢ is the initial phase reference (often assumed null)

One of the following conditions is usually assumed

2foT € N
fQT >> 1
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PSK - constellation (1/2)

Signal have all the same energy

T
£ = / A? cos? (27 fot + 6O, )dt
0

AT A2 T

= 2242 cos(2m2 fot + 20, )dt
2 2 Jo

B A?T

D

The signal space has dimension N = 2 as

Sm(t) = (A cos(0y,) cos(27 fot) — Asin(B,,) sin(27 fot)) rect (t —;/2)
and

T
/ cos (27 fot) sin(27 fot)dt ~ 0
Jo
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PSK - distance set

The distance set from the mth constellation point is NOT dependent on m
The constellation DOES exhibit a symmetric scenario w.r.t. each signal
The minimum distance is d,,,;,, = 2v/& sin (/M)

Each constellation point has 2 neighbors at minimum distance
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PSK - constellation (2/2)

A possible orthonormal set of signals is

hit) = +\/§COS(2wf0t)rect(t_£/2>
i) = 2 sinteefotrec (1= 12)

The (2-dimensional) vector representing the mth signal is
— Sm,1 _ < Sm, /L/}l > _ \/ECOS(em)
" Sm,2 < Sm, P2 > \/Ebln<9m)

r

thus the signal constellation is
(M =8 and ¢ = 0)

-

0

2
* *
/ £\
§ - \
A R
L3 *
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PSK - received signal
M possible hypotheses in t € [0,7)
Hy,, : ()= Acos(2nfot + Op) + w(t) m=1,...,M
The sufficient statistic is

T|H’HL =Sm t+w ~N (37m %IQ)

Yo
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PSK - MAP

The MAP decision rule
1 = argmax
m

= argmax
m

= argmax
m

{pmf'r'|Hm (’I“)}
{770 log(pm) — [l — SMHQ}

7o

2VE

{7“1 cos(0,) + rosin(y,) +

and corresponds to the following receiver
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PSK - SER (1/2)

) Y
yp (t)
t=T
N—
detector
R
175 f\l
LZ(T — f) /-_(/L)
t=T
N ~—/
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SER for equiprobable symbols with ML detection is

M

Pe

m=1

™10

b o0
Q1

1
1-— i Z Pr(c|Hy,) = 1 — Pr(c|Hy)

o

log(pm) }

dridry

—/M

1 exp(—&/mo) /+W/M /+°C (2\@p cos(f) — p?
- pexp
10 J0 "o
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Average energy per symbol is £ and average energy per bit is £/ log, (M)
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PSK - ML

The ML decision rule is

0

. 2
arg n}rlbn{Hr — sml*}

arg max {ry cos(0,,) + rosin(6,,)}
m

and corresponds to the following regions
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The energy required for a target P, increases with the cardinality M
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BPSK and QPSK

Binary Phase Shift Keying (BPSK) is a binary modulation format with
signals {—p(t), +p(t)}, thus including both ASK and PSK with M = 2

P = Q(v2)
- o(vm)

Quaternary Phase Shift Keying (QPSK) is a quaternary modulation format

with signals {—p1 (), +p1(t), =p2(t), +p2(1)}, with < p1,ps >=0, thus
including PSK with M =4

P.=20(v7) - Q*(V7) =~ 2Q(/7)
= 20 (v2w)

P. Salvo Rossi (SUN.DIII)

QAM - definition

Quadrature Amplitude Modulation (QAM) is the most common format in
current communication systems.

It is a special case of ASK/PSK modulation with signal constellation
placed on a regular grid.

t—T/2
Sm(t) = (A, cos(2m fot) + By, sin(27 fot)) rect ( T / )

The signal space has dimension NV = 2. Usually M = 2%
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ASK /PSK

It combines both ASK and PSK modulations, thus different signals are
obtained changing the amplitude and/or the phase of a sinusoid

t—T/2
Sm(t) = Ay, cos(27 fot + O, )rect (f 7 / >

The signal space has dimension N = 2
There is no general expression for the performance including all cases

e

-
'
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QAM - distance set

The distance set from the mth constellation point is dependent on m
The constellation does not exhibit a symmetric scenario w.r.t. each signal
The minimum distance is d,,,;, = A/,

Each corner constellation point has 2 neighbors at minimum distance
Each outer constellation point has 3 neighbors at minimum distance

Each inner constellation point has 4 neighbors at minimum distance
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QAM - ML

Assuming M = 2°P, three kinds of integrals must be computed and

combined appropriately
d
- (o))
N B :
d
+ g g .
- (el ) ()

% ° < Ul 20
w O w 41 ~ 1_3@( d>
N E .

e Sy

4 v
Pe = 1- M <Pfed + (VM = 2)Pyeen + (M/4+1— m)Pyellow)

() ()
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The energy required for a target P, increases with the cardinality M
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QAM - SER (1/2)

Assuming M = 2%7, the average energy of the constellation is twice the
average energy of a PAM constellation with cardinality /M, thus

M-1
6

1 3
4<1 M>Q< M—17>
B 1 3log, (M)
N 4<1_ M>Q< M2—1%>

from which it is worth noticing that SER(7;) of M? — QAM is twice
SER(p) of M — PAM with equal distance among adjacent symbols

E = d?

and

3
2
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Orthogonal Modulation - definition

The set of signals is made of M orthogonal waveforms, i.e.

< 8m,S¢ >= gm(sm,f

A possible orthonormal set of signals is simply obtained as

1

Unlt) = 7

—— 5 (1) m=1,...,.M

The signal space has dimension N = M

Signals are usually chosen with equal energy, thus

Em=E¢& m=1,..., M
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Orthogonal Modulation - constellation

The (M -dimensional) vector representing the mth signal is

Sm,1 < Sm, '(/)1 > 0
Sm,m—1 < Sm; 1/)m4 > 0
Sm = Sm,m = < Sy Ym > = \/E
Sm,m-+1 < Sy Ymy1 > 0
Sm,M < SmyVm > 0

thus the signal constellation is
(M = 3)
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Orthogonal Modulation - received signal

M possible hypotheses in t € [0,7T)
Hy,, = r(t) =sp(t) +w(t) m=1,...,M
The sufficient statistic is

T|Hm = Sm t+w ~ N (S’Nh @IQ)
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Orthogonal Modulation - distance set

The distance set from the mth constellation point is NOT dependent on m
The constellation DOES exhibit a symmetric scenario w.r.t. each signal
The minimum distance is d,,;;, = V2&

Each constellation point has M — 1 neighbors at minimum distance
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Orthogonal Modulation - MAP and ML

The MAP decision rule is

u = arg II};}X {pmfr\ H, (T)}
= argmax {nolog(pm) — [Ir — SmHZ}

Mooy VEn
WEm 2

= argmax {rm +
m

The ML decision rule, in case of signals with equal energy, is

. 2
— argn:ylzn{Hr—SmH}

= argmax{r,}
m
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Orthogonal Modulation - receiver
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Orthogonal Modulation - SER (2/2)
Pe(7) Pe()
\\\
107 :M \\

0 SR (@8) 15 15
The energy required for a target P, decreases with the cardinality M
The limit is v, > log(2) = —1.6 dB
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Orthogonal Modulation - SER (1/2)

SER for equiprobable and equal-energy symbols with ML detection is

M
1
Pe=1- > Pr(c|Hp) =1 — Pr(c|Hy)
m=1
2 )
SVERNE (m=vE) + T,
:1_// (> exp | — dT‘l...dT]\,[

Q; \ 770 o

o1 _(7“—\@)2 B r M= )
=1 WTIO/Rexp< 7710 ) (1 Q< 770/2)) dr

Average energy per symbol is £ and average energy per bit is £/ logy (M)
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Orthogonal Modulation - examples

s1(t) sa(t) s3(t)

s1(t) [52(t)
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FSK - definition

Frequency Shift Keying (ASK) modulation, different signals are obtained
changing the frequency of one single sinusoid

t—"1T/2
Sm(t) = Acos(27 fint + o )rect ( T / ) m=1,...,M
where phases are usually assumed to be equal (¢, = 0)

Frequencies are usually assumed to be equally spaced and symmetric
around the carrier frequency (o)

M—-1

fm:f()_ 9

A+ (m—1)A m=1,...,M
where A is the absolute difference between adjacent frequencies

Also, foT' >> 1 is usually assumed
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Biorthogonal Signals - definition

A set of M biorthogonal signals is made of M /2 orthogonal signals plus
their M /2 negatives

+& m=1/
< Sm, S >= - ‘WL — f‘ g ]\i[/2
0 else

The signal space has dimension N = A /2
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FSK - orthogonality

T
< S, Sp >= / A2 cos(2T fnt 4 b)) cos(2 fot + ¢p)dt
Jo

Q

A2 T
5 / cos(2m(m — ) At + ¢y, — ¢p)dt
Jo
A2 . .
= In(m —o)a C@r(m = OAT + b = 6¢) = sin(dm — 1))

In order to have orthogonal FSK, i.e. < s,,,5) >= 0,0 = (A2T/2)5m’g,
the following condition is needed

k 1
A=Z Avin = =
T man T
while in case of equal phases (e.g. ¢, = 0)
_k A 1
ST T
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Biorthogonal Modulation - constellation

The (M /2-dimensional) vector representing the mth signal is

Sm,1 < Smawl > 0
Sm = Sm,m - < Sm, (l/)m > = +\/§
S'm,,]\/f/Q < Sm, /l/}]\,J/Q > 0

The (M /2-dimensional) vector representing the (m + M /2)th signal is

Sm+M/2,1 < Sm+]\~7/27w1 > 0
Sm+M/2 = Sm4+M/2,m = < Sm4+M/25 /L;‘%n > = *\/E
Sm+M/2,M/2 < SmyMj2; V2 > 0
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Biorthogonal Modulation - distance set

The distance set from the mth constellation point is NOT dependent on m
The constellation DOES exhibit a symmetric scenario w.r.t. each signal
The minimum distance is d,,;, = V2&

Each constellation point has M — 2 neighbors at minimum distance and
also 1 neighbor at distance 2E
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Biorthogonal Modulation - SER

SER for equiprobable and equal-energy symbols with ML detection is

M
1
P.=1—— Z PI“ ‘Hm =1 *PI(C‘Hl)
m=1
L\ M/4 (rl—f> + M2
:1// _ exp | — d?"]drﬂ
. Ja, \ o "o ’
M_q

3

L 1 00 - B (7. _ \/3)2 B r 2
gl (ST (elm))

Average energy per symbol is £ and average energy per bit is £/ log, (M)

Performance are similar to orthogonal modulation
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Biorthogonal Modulation - ML

The ML decision rule, in case of signals with equal energy, is

u = ﬂ,I‘ngiH{HT - S’NLHZ}
m

= sign (arg max {]rn|}>
n

ie.
Q= {ri>|m|Yn#1, r >0}
Qe = {rage > ral Vn# M/2, rpn >0}
QH_M/Q = {7’1 > |’7‘n‘ Vn#£1l, r < 0}
Qu = {T‘]\/[/Q > ‘T‘n‘ Vn # ]\/’f/Q, Tyvy2 < 0}
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Simplex Signals - definition
A set of M simplex signals is built upon a set of M orthogonal signals as
Sm(t) = sm(t) — su(t) m=1,....,.M

where {s1(t),...,sn(t)} is the set of orthogonal signals and where
su(t) = (1/M) Zﬁ{ 1 Sm(t) is the mean signal

Shift of the origin in the signal space, thus distances are kept

Simplex signals are equally correlated

(M 1)5 =& m =1/
< Sm, 8¢ >= 1
—3780 m £l

The signal space has dimension N = M — 1

(Xt 3m(t) = 0)
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Simplex Signals - constellation

The (M -dimensional) vector representing the mth signal (in the original
signal space) is

_ vV go
Sm,1 < Sm, /(/}1 > M
' V&,
Sm,m—1 < Sm, /(/]m—l > M
_ . _ . _ M— /
Sm = Sm,m - < Sm; Q/Jm > - ( M ) go
Sm,m+1 < Sm, Um41 > — VA?’
Sm,M < Sm, PL//)]\J > _ V&
M
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Signals from Binary Codes

Consider a set of N orthogonal signals, e.g.

2€, t—"1T./2 —nT,
pr(t) =4/ ?j cos(2m ft)rect (C/Tpnc> , n=1,....N

with 7. = T'/N and £. = E/N
Consider a binary representation of the M < oN symbols,
BPSK can be used to represent the nth component of the codeword

bmm =0 *pn<t) s bm,n =1— ern(t)

thus ¢, = 20y, , — 1 € {—1,4+1} and

N
Sm(t) = Z Cm,,n,p7z<t), m=1,...,M

n=1
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Simplex Signals - SER

Distance-set properties are the same as for the original orthogonal set

SER is the same as an orthogonal modulation with &, = (%) &

( ( M ) )2
r_ M) g M-1
Pe—l—'/Rexp — 7]]:)[ (1—@(77()/2)) \/CjTT?()

i.e. a gain of 10log, (%) dB
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Signals from Binary Codes - constellation

The (N-dimensional) vector representing the mth signal

Cm. 114/ £
Sm,1 < Sm;% > m N
Sm = S = < Sy U > = £
m Sm,m my ¥m Cmm\/ N
Sm,M < Sm, M > , c
Cm,N\/ N
i.e. one of the 2"V vertices of an N-dimensional hypercube
W2
/ o >---'7’:
S -4/
VE/N! o
w i * U5}
3
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