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8-5. DIGITAL FB@QPENCY TRANSFORMATIONS

In this section, digital frequency transformations will be discussed.
These transformations can be used to transform a digital low-pass
filter into a digital high-pass, band-pass, or band-stop filter.
Hence, once a digital low-pass filter is obtained by using the im-
pulse-invariant method, the other type of filters can then be ob-
ta;ped by using digital frequency transformations. This section is
the counterpart of Sec. 8-3 for the digital case.

Consider the transformation

z = f(z') or ejmT = f(ejw'T)

jw"r)l -1

for all w'. A function with this property will be called a unit

The function f(z') is required to have the property If(e

function. A unit function maps the unit circle on the z'-plane in-

A s -

to the unit circle on the z-plane. For illustration, consider the

e

ﬁéppinq shown in Fig. 8-19(&). It is a two-to-one mapping. We see
that both wél and -wéz on the w'-axis are mapped into —wp on the w-
axis, both w' = 0 and w' = /T are mapped into w = 0,

Consider the transfer function H(z) with the amplitude charac-

teristic shown in Fig. 8-17(b). Define

' ' _é. = '
H'(z') = H(2) |, (0, = HIEE"D)
or

we @'y @ HgY )

The new transfer function H'(z') is obtained from H(z) by the sub-

stitution of z = £(z'). The amplitude characteristic of H'(z') can

be obtained from that of H(z) as shown in Fig. 8-17. For example,

the magnitude of |H'(ejw'T)l at w!) and -w!, is equal to the magni-
ij)| P p

tude of |H(e at -wp that is measured as a. By .this process

—



FIG. 8-17. A digital frequency transformation,

the amplitude characteristic of H'(2') can be readily obtained. We
see that this transformation converts a low-pass filter into a band-
stop filter. This type of transformation is called a digital fre-
quency transformation. , v

Not every function f(z') is a unit function, that is, has the
jw'T ‘

property |f (e )| =1 for all w'. We claim that a unit function

must be of the form

2'2 + c.z2' + c

+1 12! sz071 - R 1 2
2”4 c z'2 + c,z2' + 1
2 1
2'3 + dlz'2 + dzz' + d3
x o 3 (8-46)
d.z'" + dzz' + dlz' + 1

3

or an(-z)/D(z), where n is the degree of the polynomial D(z) with
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real coefficients, and b, ci, and di are real numbers.

this for the last term in (8-46). Indeed, we have
[} ]

e3jw T v jw'T

f(ejw.T) - 1
] ] (]

d3e3jw T N d2e2jw T, dlejw T

L)
e2jw T

2jw'T
e + dze + d3

+ 1

] 0
e3jw T " jw'T % d3

-2jw'T -jw'T
+ dle + d2e + d3)

dl + d2e

- e3ij(e-3jw'T

(cos 3w'T + d1 cos 20'T + d2 cos w'T + d3)

We verify

= 33T
1 2

+ j(sin 3w'T + d1 sin 2w'T + d2 sin w'T)

" = j(sin 3w'T + dl sin 2w'T + d2 sin w'T)]

[cos 3w'T + d. cos 2w'T + 4, cos w'T + d3)

Since the magnitudes of the real and imaginary parts of the denomin-

ator and numerator are the same, we conclude that lf(e

jw'T

)| = 1 for

all w'. This shows that the functions in (8-46) are indeed unit

functions. (See Problem 8-24.)

With this background, we are ready to discuss the required

transformation in the design of various digital filters.

Low-Pass-to-Low-Pass Transformation

Consider the two low-pass filters shown in Fig. 8-18(a); one has a’

bandwidth wp, the other wé. The problem is to find a unit function

z = f(z') to achieve this change of bandwidth.
Consider the transformation

z' + b -

"zt w1 T2

or

JwT ejw‘T
e

e +b
]
bejw ¥ + 1

(8-47)

It is easy to verify that fi maps w' = 0 into w = O, and w' = /T

into w = n/T. Now if b is chosen so that f, maps w' into w_, then
L P P
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FIG. 8-18. A loprass-to—low-pass digital frequency transformation.

ft(z') is the desired transformation. We equate

jw ' T
. p

that implies

jw'T jw T
e -ep

+w')T
ej(wp Up) -1

+W')T/2 J(w'-w )T/2 “j(w'-w )T/2
RICSNEY (el Yty ]

) ' - ! 2

L‘j(mpﬂup)'I‘/Z ej(wp+wp)T/2 . j(wp+wp)T/ ]

b =

sin (w'T =~ w T)/2
P

= p -
sin (W'T + w T)/2 L6-48)
P P

Hence, using (8-48), the required transformation can be obtained.
The substitution of z by fz(z') will convert a low-pass filter of
bandwidth wp into a different low-pass filter of bandwidth wé. We

Plot in Fig. 8-18(b) the transformation as a function of w'.
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Low-Pass-to-High-Pass Filter

We discuss now the transformation that transforms a low-pass filter

into a high-pass filter. Consider the unit function

]
z = £ (2) = - O (8-49)
or
jw'T
eij - e + b (8-50)

o *D
a” * o 1
|

This function transforms w' = 0 into w = tn/T, and w' = in/T into
w = 0 as shown in Fig. 8-19(a). If w' = wé is transformed into

w = up' then we have

jw!'T
jw T '
p___e ~ +Db -
e o' T (8-51)

be ¥ +1
Simple manipulation yfelds

cos (W'T - w T)/2 .
b= - P by ‘ < " (8-52)

i

cos (W'T + w T)/2
p P /

|

b = - = -

(a)

FIG. 8-19. A low-pass-to-high-pass digital frequency transformation.



(O

264 Part II: Digital Filters

A plot of Eq. (8-50) with b given by (8-52) is shown in Fig. 8-19(b).
We note that the b in (8-52) is obtained by transforming w' = wé
into w = wp. If we transform w' = wé into w = —wp, then we obtain
jw!'T
e + b
jw!'T
pe P +1

-jw T
e P =-

which implies

t cos (W'T + w T)/2
P P

. b= - (8-53)
b cos 'T - T)/2
) (wp wp /

The plot of (8-50) as a function of w' with b given by (8-53) will
be in the se¢cond and fourth quadrants rather than in the first and
third quadrants as for the b given by (8-52). The transformation
using either (B8-52) or (8-53) will give the same amplitude charac-
teristic but different phase characteristics. Hence, éhe phase

characteristics should be the factor to determine which transform

to use,

Low=-Pass-to-bana-Pass Transformation

The function required in a low-pass-to-band-pass transformation must
transform w'_ into w_ and w'_ into -w_as shown in Fig. 8-20(a);
pl P p2 P
therefore, the function must have two parameters or more. Consider
] 2 ] .‘
z + clz + c2
z = fb(z') = - (8=54)

cz' +c.2z' + 1
‘Z 1

or

2 1 2 (]
e jw'T P jw'T

jwT _ 1 2
¢ - 2jwT jwT (8=35)
c2e + cle + 1

This function transforms w' = 1/T into w = /T and w' = 0 into

w = -n/T. If the function transforms w', into w and w'_ into -w ,
pl P p2 p
then we have
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FIG, 8-20, A low-pass-to-band-pass digital frequency transformation.

_ 2jw' T jw' T .
jw T e 2 + c,e pi + C
e P _ . 1 2
2jw' T Jw'. T
pl pl
cze + cle + 1
2jw' T jw' T
-jw T e Bl + c.e P + C
p 1 2
° = 2jw' T jw' T
cze 2 + cle p2 + 1

These equations can be arranged as

jw' T Jw T Jlw +2w! )T 2jw! jw T
c.e Bl [e P + 1] + c2 e P pl + 1| = -e pl - e P

b

c.e - €

Jw! ,-w )T jw T j(-w +2w' )T 2jw =jw T
1 P2 P [l +e ¥ ) +C {9 R S 1} - p2 E

The elimination of cy from these equations and simple manipulation

yield

j(u‘ -w )T jwézT

C L
2 jw‘ T Jlw' . =w )T
o Pl _ o P2 P

Trom Nom: OMMeuS/c&uf 10////0/ S’}N*/
o 0y . LreTr. Cle Mareel Bebker /979



TABLE 8-3. Digital Frequency Transformations

N \
™ X

v o

Low-pass . 2+ b - sin (uPT - mPT)/2 125

to bz' + 1 sin (w;T + w T)/2

low-pass E P
Low-pass 3 =-{z' + b) b ;,cos (pr - pr)/z

to bz' + 1 cos (W'T + w T)/2.

high-pass P P

2
] ] ] 1

Low-BaES . z + ¢,z + c, . cos (wPl + wp2)T/2

to , 2 ¢ cos (w' = w' )T/2

band-pass c2z M clz t1 pd B4

kK = cot (w', -w', )T/2 tan w T 2.
Pl “p2 p*/
k k =1
=y ya 2T k1
2

Low-pass z'" + ¢c,2' + C cos (w'., + w' )T/2

to z = 1 2 h = ql q2

| [} - ]
band-stop czz'z + clz' + 1 cos (wa qu)T/2

k = tan (wél-wéz)T/Z tan qu/2
€y ="M i 1 %2 T i 3 t
Let us define
. (eém‘;lT . ejw;)ZT)(l ) e-j.mp-'r—)—
(e]wélT i ejuézT)(l . e—)pr)
= cot (wél ; wéz)T tan ng A . (8-56)

Then it can be rcadily verified that c2 can be expressed as

C, =y 71 (8-57)
Similarly, the constant c1 can be solved as
K
cl = -2h K+ 1 (8-58)
where -
cos (w'. + w' )T/2
pl p2 (8-59)

h = 22—k 5
cos (wpl wpz)T/

Using Egs. (8-56) through (8-59), the parameters ¢, and c, in (8-54)
can be computed. The plot of (8-54) as a function of w' is shown in
Fig. 8-20(b). We see that it is a twovto-one mapping. Note that
the point (uél + wéz)/Z, the midpoint of wél and wé23 is not neces-

sarily mapped into w = 0.
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8.3 / Frequency Transformations 649

os

TABLE 8.13 Frequency Transformation for Digital Filters
(Prototype Lowpass Filter Has Cutoff Frequency )

Type of
Transformation Transformation Parameters
Lowpass -1 ' —a w, = cutoff frequency
P : I = az! of new filter
_ Sin[(wp - ('0/17)/2]
~ sinf(w, + w})/2]
Highpass | ;=1 ' +a w,= cutoff frequency
. : 1+ az! new filter
3 cos[(wp — (1)/’7)/2]
- cos[(w, + w{;)/z]
272 — a7 + a w, = lower cutoff frequenc
Bandpass 71 - 1 = 2 / q y
az”" —aiz” + 1 w, = upper cutoff frequency
a, = [F20K/(K + 1)
oa, = (K- DK+ 1)
—
?. COS[((.O“ £ (1),)/2]
= —
cos[(w, — ®)/2]
K = cot 2 — Bl gn 2e
2 2
Bandstop 71 " -azr ta w, = lower cutoff frequency

az”' —az7t + 1 w, = upper cutoff frequency
a, = (F2a/(K + 1)
= (1 -K/1+K
_ cos[(w, + w)/2]
~ cos[(w, — w)/2]
)

.,
K = tan ———— tan =<
2 2




